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In machine learning and optimization, the choice of a reward function or an evaluation function
has a substantial influence on the obtained solutions and generated outputs. Recent methods
such as reinforcement learning from human feedback (RLHF) and direct preference optimization
(DPO) use human pairwise preference data to learn reward models, policies, or policy objectives.
In many such approaches, preference relations are often represented through scalar rewards or
probabilistic pairwise-comparison models [5]. On the other hand, in multiobjective and vector
optimization, there are frameworks in which multidimensional objects are compared directly by
means of cone orders or Pareto orders, without necessarily scalarizing them [6, 1].

The aim of this study is to estimate an order structure from human pairwise preference data in a
regression-like manner. The distinctive point of our approach is the combination of a circular cone
model, text-pair embeddings of the type used in DPO datasets, and regression-like estimation of
the induced order structure. We consider a set of preference observations on a vector space,

{(z,y) € X x X | 2 =y},

and approximate the relation > by a cone order <k induced by a circular cone K. In many
order-theoretic formulations, preference data are interpreted as observations of an underlying
consistent preference relation. The present study is motivated by situations in which such an
interpretation is difficult, as in human pairwise comparison data, and in which the data may
contain contradictions or the unconstrained cone model may admit only a degenerate solution,
such as an excessively wide cone that reduces empirical loss but yields a less informative order
structure. We therefore introduce penalty terms so that a compromise solution can be obtained
even in such cases.
For a sample x; > y; of pairwise comparison data, we define the difference vector

zi=x; — Yy (2 #0).

We interpret the observation as being better explained when z; belongs to an unknown cone K.
A basic estimation problem is formulated as

N
K € argmin Zd(zi,K) + \QUK)|,
Kek |

where d is a loss function associated with the cone, € is a regularization term controlling the
complexity or width of the cone, and A > 0 is a regularization parameter.

As a basic model, this talk focuses on a circular cone determined by a central direction ¢ € R™
and an angular parameter o = cos 6:

K(c,a) ={z e R"| (z,¢) < allz]|, lc]| =1, 0 < a < 1}.
In this model, the object to be estimated is a finite-dimensional parameter consisting of the
central direction and the angle. Compared with directly estimating a general closed convex cone,
this setting is more tractable for discussing existence, stability, and visualization. As background,

this type of conic constraint is also related to standard frameworks of conic optimization [3]. For
example, using the angular margin loss

Uz 6a) = [max {o, o— 29 H B

2]

we can construct a cone-order regression problem in which the loss becomes smaller as the ob-
served preference difference approaches the central region of the cone.
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We establish a basic existence result under compact parameter restrictions and continuous
losses, and then discuss possible extensions toward stability, algorithmic convergence, and non-
uniqueness. For instance, one may restrict the parameter space of (¢, «) to

S [e,1] (e > 0)

and assume continuity of the loss function and the regularization term. Since uniqueness does not
generally hold, we do not initially aim to prove global uniqueness. Instead, we discuss uniqueness
from the viewpoints of isolated local solutions and uniqueness of the limit point for an initial
region of an iterative algorithm.

In a validation phase, we plan to use DPO-style text-pair preference data as an example of
pairwise preference observations, embed the texts into a vector space, estimate the circular cone
parameters, and visualize the obtained central direction and angle. This visualization is expected
to help explain latent evaluation axes in the dataset and possible biases of labelers. In this sense,
the present study connects human preference learning represented by RLHF and DPO with
multiple criteria decision-making research based on convex preference cones and cone contraction
algorithms [2, 4].
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