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The celebrated Ekeland’s variational principle (see [5, 6]), established in 1972 for characteriz-
ing approximate solutions to nonconvex minimization problems in metric spaces, has emerged
as a cornerstone of nonlinear functional analysis and applied mathematics. Benefiting from its
profound theoretical significance and versatility, Ekeland’s variational principle has spurred ex-
tensive research into its generalizations in diverse directions; see, for instance, [1, 2, 3, 4, 7, 8, 9,
10, 11, 12, 13, 14, 15, 16] and the references therein. It is well known that the primitive Ekeland’s
variational principle is equivalent to the Caristi’s fixed point theorem and to the Takahashi’s
nonconvex minimization theorem (for more details, see, e.g., [9, 11, 12, 14, 16]).

In this talk, we present new versions of the generalized Ekeland’s variational principle for set-
valued mappings and essential distances (see, e.g., [3, 4]) in the setting of (L, K')-lower complete
metric spaces (see, e.g., [14]). These results are then applied to establish some new Caristi type
fixed point theorems, Takahashi type nonconvex minimization theorems and others.

REFERENCES

[1] T.Q. Bao, B.S. Mordukhovich, Variational principles for set-valued mappings with applications to multiobjective
optimization, Control Cybern., 36 (2007), 531-562.

[2] G.Y. Chen, X.X. Huang, X.Q. Yang, Vector optimization, Springer-Verlag Berlin Heidelberg, Germany, 2005.

[3] W.-S. Du, On generalized Caristi’s fized point theorem and its equivalence, Nonlinear Anal. Differ. Equ. 4(13)
(2016), 635-644.

[4] W.-S. Du, Some generalizations of fixed point theorems of Caristi type and Mizoguchi- Takahashi type under
relazed conditions, Bull. Braz. Math. Soc., New Series, 50(3) (2019) 603-624.

[5] L. Ekeland, Sur les probémes variationnels, C. R. Acad. Sci. Paris, 275 (1972), 1057-1059.

[6] 1. Ekeland, On the variational principle, J. Math. Anal. Appl., 47 (1974), 324-353.

[7] A. Gopfert, H. Riahi, Chr. Tammer, C. Zalinescu, Variational Methods in Partially Ordered Spaces, Springer-
Verlag, New York, 2003.

[8] T.X.D. Ha, Some variants of the Ekeland variational principle for a set-valued map, J. Optim. Theory Appl.
124 (2005), 187-206.

[9] D.H. Hyers, G. Isac, T.M. Rassias, Topics in Nonlinear Analysis and Applications, World Scientific, Singapore,
1997.

[10] P.Q. Khanh, D.N. Quy, Versions of Ekeland’s variational principle involving set perturbations, J. Glob. Optim.,
57 (2013), 951-968.

[11] S.J. Li, X.Q. Yang, G.Y. Chen, Vector Ekeland variational principle, in: Vector Variational Inequalities and
Vector Equilibria, F. Giannessi (ed.), Nonconvex Optimization and its Applications, vol. 38, Klower, Dordrecht,
2000, 321-333.

[12] L.-J. Lin, W.-S. Du, Ekeland’s variational principle, minimaz theorems and ezistence of nonconvex equilibria
in complete metric spaces, J. Math. Anal. Appl. 323 (2006), 360-370.

[13] C.G. Liu, K.F. Ng, Fkeland’s variational principle for set-valued functions, SIAM J. Optim., 21 (2011), 41-56.

[14] J.H. Qiu, On Ha’s version of set-valued Ekeland’s variational principle, Acta Math. Sin. (Engl. Ser.), 28
(2012), 717-726.

[15] C. Tammer, A generalization of Ekeland’s variational principle, Optimization, 25 (1992), 129-141.

[16] W. Takahashi, Nonlinear functional analysis, Yokohama Publishers, Yokohama, Japan, 2000.

(W.-S.Du) DEPARTMENT OF MATHEMATICS, NATIONAL KAOHSIUNG NORMAL UNIVERSITY, KAOHSIUNG 824004,

TAIWAN.
Email address: wsdu@mail .nknu.edu.tw



