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Abstract

What is a quantile, e.g., the median, of a random vector? This simple question
does not have a textbook answer yet. In the statistical literature, depth regions and
depth functions are used as multivariate substitutes for univariate quantiles and cu-
mulative distribution functions but they are not straightforward generalizations of
one-dimensional quantiles and cdf’s.
The major difficulty is related to the order relation which is basic for defining quan-
tiles: while in one dimension, only ≤ for real numbers makes sense, it is not clear which
order should be used in higher dimensions. A new concept for multivariate quantiles is
introduced based on vector orders generated by convex cones. A new statistical func-
tion, called lower cone distribution function, is defined as an alternative to the joint
distribution function and then quantile sets as upper level sets of this function. In this
way, quantile functions become set-valued, share almost all properties with univariate
quantile functions and are indeed generalizations of the latter: this can be shown by
set optimization techniques.
Applications are given to classification of multidimensional data points.
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