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Real Numbers Il

Class: _ Number:__ Name:
1. Algebra Formulas
i) Cubeofasum: (a+b) = ; Cube of a difference: (a—b)’ =
ii) Sum of cubes: @’ +b*= ; Difference of cubes: o’ —b® =

Example 1 Expand the following expressions (1) (a+2b)3 (2) (2a —1)3 .

Solution

Example 2 Factorize the following expressions (1) x> —12x>+48x—64 (2) 27x> -1.

Solution

2. Nested Radicals

i) (a+b)+2\/%= ii) (a+b)—2\/%=
Example Simplify the following radicals (1) \/8—2\/E (2) \V7++24 .

Solution
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3. AM-GM Inequality

If a and b are non-negative real numbers, then

a+b2\/£.

2

The equality holds ifand only if a=b.

Example Let a and b be two positive real numbers

(1) Given 2a+3b=12, find the maximum value of ab and the ordered pair (a, b) for which it occurs.
(2) Given ab=10, find the minimum value of 5a+2b and the ordered pair (a, b) for which it occurs.

Solution

4. Giventhat a=6, b :?, c=2+/10, and d, where d is a rational number, mark these four numbers on

the number line, namely A(a), B(b), C(c),and D(d).Which of the following statements is true?

A) a+b+c+d isarational number

B) abcd is anirrational number

C) Itis possible that the distance between point D and point Cis equal to 2\/B+6

D) The midpoint of point A and point B is located at the right side of point C

E) There are 14 positive integers and 1 negative integer on the number line that are within a distance
of less than 8 from point B.

Solution
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Real Numbers lI

Warm Up

Hi everyone, please go back to your seats and take out your worksheet. Today’s topic is still real
numbers, and let's review what we've learned this week. We have learned some algebra formulas, the
simplest form of radicals, nested radicals, and the AM-GM inequality. Let's look at part 1 of the

worksheet.

Vocabulary

1. Cube of a sum(fr 2 =) 2. Cube of a difference(£ = = ) 3. Sum of cubes(z: = §r) 4. Difference of
cubes(* * £ ) 5. nested radical( ¥ £ +35') 6. semicircle (£ [f]) 7. diameter(E /) 8. segment(42£:) 9.
perpendicular(£ & 1) 10. AM-GM inequality(& =% @ 2 & ;% » AM: Arithmetic Mean & jiv¥ 153k

Geometric Mean # i® T #5%¢) 11. maximum($ = &) 12. minimum($- -] &) 13. midpoint(® 2k).

lllustrations

Part 1.

Let’s look at part 1. Does anyone know what the term for “ "is in Chinese? (

), can you tell us? Yes, it’s “F11775,” which means we first add a and b, then cube the result. The

one beside it, “ Jis “Z1I73,” which means we first subtract a from b, then cube
the result.
The following lines are “ ” and “  which are “XIFFH]” and "L 5 =,”

respectively. This means we first cube a and b, then add a and b or subtract a from b.

Now, I'll give you 2 minutes to fill in all the formulas. ( )

i) ( ), can you read the formulas for “cube of a sum” and “cube of a difference” for us?
(a +b)3 =a’+3a’b+3ab’ +b’

(The cube of the sum of @ and b equals a cubed plus 3 times a squared times b plus 3 times a times b

squared plus b cubed.)

(a —b)3 =a®*-3a°b+3ab’> -b*
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(The cube of the difference of a and b equals a cubed minus 3 times a squared times b plus 3 times a
times b squared minus b cubed.)

i) ( ), can you read the formulas for “Sum of cubes” and “Difference of cubes” for us?
a’+b’ =(a+b)(a2 —ab+b2)

(The sum of the cubes of a and b equals the sum of a and b times a squared minus a times b plus b

squared.)
a’-b’ =(a—b)(a2 +ab+b2)

(The difference of the cubes of a and b equals the difference of a and b times a squared plus a times b
plus b squared.)
Perfect! Let’s look at the following examples.

3

Example 1 Expand the following expressions (1) (a+2b)3 (2) (2a-1)

Solution
(1) To expand the following expressions, we can apply the formula of the cube of a sum. Substituting a
for @ and 2b for b, then we get
(a+2b)' =(a+(2b))
=a*+3(a)’(2b)+3(a)(2b) +(2b)’
=a’ +6a’b+12ab’ +8b°.
(2) Using the method from question (1), we can apply the formula of the cube of a difference.
Substituting 2a for @ and 1 for b, then we get
(201 =((20) (1))
- (2a)’ ~3(20)’ (1) +3(20)(1)’ ~(1)

=8a° —120° +6a—1.

Example 2 Factorize the following expressions (1) x> +12x> +48x+64 (2) 27x* -1.

Solution
(1) To factorize the following expressions, we can apply the formula of the sum of cubes. Substituting x

for a and 4 for b, then we get
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x* +12x* +48x + 64 =(x)3 +3(x)2 (4)+3(x)(4)2 +(4)3
=(x+4)3.
(2) Using the method from question (1), we can apply the formula of the difference of cubes.

Substituting 3x for a and 1 for b, then we get
27x* —1=(3x)’ - (1)’

=((30)-(1)((3x)" +(3)(V)+(2)’)

=(3x—1)(9% +3x+1).

Part 2. ( ), can you tell me what “ ”is in Chinese?

7 o"

Yes, it’s “25 B 1R T(.” The nested radical formula is derived from the square of a sum.

«/ a+b +2 \/ +2\/Ex\/_ \/ a+\/_ \/E+\/E.(can be read as: square root of

a plus b plus 2 times square root of a times b equals square root of root of a squared plus root of b
squared plus 2 times root of a times root of b equals square root of root of a plus root of b whole
squared equals square root of a plus square root of b.) In general, we let a>b>0 to ensure that the

result of simplifying the nested radical is positive. Here is the proof which is derived from the square of a

difference y/(a+b)+2+ab \/ —2\/Exf \/\f f —Ja—-/b.

Nested Radicals

i) (a+b)+2\/a_= ii) (a+b)—2Ja_=
Example Simplify the following radicals (1) \/8—2\/E (2) \V7++24 .

Solution

(1) V8-2v15 =(5+3)-2v5x\3 =,[(v5-3) =53

(2) \/7+\/ﬁ:\/7+2\/€:\/(6+1)+2\/§><\/—: (\/€+\/I)2:\/€+\/I:«/€+l.

Part 3. ( ), please read part 3 for us.
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( ) There is an important condition “non-negative,” which means that the numbers a and b
can’t be negative. Let’s have a quick review of the proof. Consider a 2
with a AB, and center O. Let C be a point on line =
AB, such that AC=a and CB=b.Constructa & o
A~ a~"C b B

line at C of the diameter AB, which intersects semicircle at D. Then we

+b —

know that segment CD is +/ab , and radius is a . Let’s focus on this right triangle OCD. OD is the
L . — —= a+b

hypotenuse of AOCD , which is the longest side of AOCD . Hence, OD>CD, namely T> vab .

— = — == +b
Particularly, when point C is exactly the center O, a=AC=CB=band OD=CD, namely a—=\/ab .

2
Therefore, we derived the , a;—b > \/%(read as: a plus b over 2 is greater than or
equal to square root of ab.)
Example Let a and b be two positive real numbers
(1) Given 2a+3b=12, find the value of ab and the ordered pair (a, b) for which it occurs.
(2) Given ab=10, find the value of 5a+2b and the ordered pair (a, b) for which it occurs.

Solution

(1) Using the AM-GM inequality, we have

za;%z\/zasb :%z 6ab .

Namely, ab<6.

Since ab=6, 2a=3b=6,whichis a=3 and b=2.
Therefore, ab has a maximum value of 6 with (a,b)=(3,2).

(2) Using the AM-GM inequality, we have
5a+2b

>/5a-2b =+/10ab =10 .

Namely, 5a+2b>10.

Since 5a0+2b=10, 5a=2b=5,whichis a=1 and b=

N |
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Therefore, 5a+2b hasa minimum value of 10 with (a,b)= (I,Ej .

5

Part 4. (
(

A) Since

B) Since

6.20.
3

|x—b|<8:>

), please read part 4 for us.

) Let’s see the statements accordingly.

20
a+b+c+d=6+?+2\/ﬁ+d and d is a rational number, we know that a+b+c+d isa

. 20 o . N
rational number 6+?+d plus an irrational number 2+/10.Hence, a+b+c+dis an irrational

number. This statement is false.

20
abcd=6-?-2x/ﬁ-d and d is a rational number, we know abcd is a rational number

2-d times an irrational number 2+/10 . Hence, abcd is an irrational number. This statement

is true.

C) The distance between point D and point C is ‘Zx/ﬁ—d‘ JAf d=-6 or d=4\/ﬁ+6, then

‘2\/10 —d‘ could be 2+/10 +6. This statement is true.

6+ 20
+b 3 19 19 =
D) The midpoint of point A and point B is a > =T3=?' and ?= 6.3 is greater than
24/10 =6.324 . Hence, The of point A and point B is located at the right side of point C.

This statement is true.

E) Let the distance between point X(x) and point B be less than 8, then we have

20
X__

20 20 4 44
<8, namely —8+?<x<8+—:>——<x<—. Hence, if we only take the

integer of x, then x could be -1,0,1,2,...,14 . Therefore, this statement is true.
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