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Topic: Triangle congruence theorems
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We have learned that when two figures on a plane are overlapped perfectly, these
two figures are congruent. That is when triangle ABC is translated, reflected, or
rotated to triangle DEF and they are overlapped completely, these two triangles are
congruent. It's noted as A ABC= A DEF.

A ABC= A DEF means all the corresponding parts from both triangles are

congruent. From the figure shown, all the correspondAing sides and angIeDs are

congruent.
That is: C F
AB=DE (corresponding sides) B E
BC=EF (corresponding sides)
AC =DF (corresponding sides)
(segment AB is congruent to segment DE...)
And,

LA=/D (corresponding angles)
£ZB=/E (corresponding angles)
LC=ZLF (corresponding angles)

(angle A is congruent to angle D...)

Pay extra attention to the order of letters of the vertices from both triangles as you
write down the triangle congruency.
Vertex A corresponds to vertex D, vertex B corresponds to vertex E, and vertex C

corresponds to vertex F.




There are five triangle congruence theorems to help us to show if two triangles are
congruent.
They are the SSS triangle congruence theorem
the SAS triangle congruence theorem
the ASA triangle congruence theorem
the AAS triangle congruence theorem
the RHS triangle congruence theorem
S stands for side and A stands for angle.

SSS triangle congruence theorem:

If three sides of a triangle are congruent A
to the corresponding sides of another triangle, ﬁc &F
these two triangles are congruent. B E

Given AABCand ADEF

If AB =DE
BC=EF
AC =DF
Then

A ABC= A DEF (triangle ABC is congruent to triangle DEF)

Let’s have an example here.

Ex 1:

Given AABCand APQR, A R

If AB=PQ, BC=QR, AC=PR,and /C=60° C R
Then ZR=7? B

Sol:

In AABCand APQR,
A_B=El, ﬁ=ﬁ, AC=PR (given)

So AABC= APQR (SSS)
— /R=/C=60° (CPCTC)




The following triangle congruence theorem is SAS.

SAS triangle congruence theorem:
If two sides of a triangle and the included angle
are congruent to the corresponding parts of

another triangle, these two triangles are congruent.

Given AABCand ADEF A D
If AB =DE

— — C

BC =EF

/B=/E B E
Then

A ABC= A DEF (triangle ABC is congruent to triangle DEF)

There is an example of the theorem above.

Ex 2:
AAOB and ACOD are shown in Figure 1.

A_O=(Y), BO=DO .If £C=110°, find the measure of ZA. A
Sol:
In AAOBand ACOD, 5
C
We have
A_O=(Y), BO=DO Figure 1

Let's label the congruent sides with dashes in Figure 2.

Look at Figure 2, does it remind you of the relationship between A

2 AOBand ~COD? o
YES! They are vertical angles. And we learned

that vertical angles are congruent. D C
So ZAOB=.,COD

Therefore, In AAOB and A COD, Figure 2

A_O=(Y), BO=DO (given)

And ZAOB=-C0OD (congruent vertical angles)
Then AAOB= ACOD (SAS)
So

/A= /C=110° £LC=110°¢ (CPCTC)




Next, we are going to talk about the ASA triangle congruence theorem

ASA triangle congruence theorem: D
If two angles of a triangle and the included side
are congruent to the corresponding parts of C F
another triangle, these two triangles are B E
congruent.
Given AABCand ADEF
If BC=EF
/ZB=/E
LC=/F
Then

A ABC= A DEF (triangle ABC is congruent to triangle DEF)

Let’s look at an example.

Ex 3:
Given CA=CE, /BAC=/DEC,and /B=40°.
Find the measure of ZD.

Sol:
Method 1:
In AABCand AEDC,
CA=CE (given)
/BAC = ZDEC (given)
/ZC=/C (reflexive)

Then AABC= AEDC (ASA)
/D=/B=40° » (CPCTC)

Method 2:
In AABCand AEDC,
ZBAC = ZDEC (given)
£C=ZC (reflexive)
Then

/D= /B =40° # (the third angle’s theorem)




Let’s talk about the AAS triangle congruence theorem which is similar to the ASA

triangle congruence theorem.

AAS triangle congruence theorem:
if two consecutive angles of a triangle and the side in a row clockwise or
counterclockwise are congruent to the corresponding parts of another triangle,
these triangles are congruent. A D
Given AABCand ADEF, F
If AE=D_F E

/ZB=/E

LC=/LF
Then

A ABC= A DEF (triangle ABC is congruent to triangle DEF)

The ASA triangle congruence theorem and the AAS triangle congruence theorem are
equivalent. Why? Let me explain.

The third angle’s theorem shows that if two angles of a triangle are congruent to

two angles of another triangle, then the third angle of each triangle is congruent.

Let’s see: A D
In AABCand ADEF,

/B=/E and /C=/F c ]
Then the third angle of A ABC B ‘

must be congruent to the third angle of ADEF.
Thatis: ZA=./D
We can also do the reasoning:
Since the sum of the interior angles of a triangle is 180°.
Then £A=180°-/B-ZC
=180°- LE- ZF
=/D
That’s why | say these two triangle congruence theorems are equivalent. It's more

convenient and direct for us to do the reasoning with certain conditions given by

the questions.




Let’s change the conditions of example 3 above.
Ex 4:

Given BC=DC, ZBAC=/DEC,and /B=40°.
Find the measure of ZD.

Sol:
Method 1:
In AABCand AEDC,
BC=DC (given)
Z4BAC = £DEC (given)
LC=ZLC (reflexive)

Then AABC= AEDC  (AAS)
/D=/B=40°+ (CPCTC)

Method 2:
In AABCand AEDC,
ZBAC = ZDEC (given)
£C=/C (reflexive)
Then

/D= /B=40° > (the third angle’s theorem)

The reasoning of example 4 is the same as that of example 3. Now you can easily

understand what | mean.

The following triangle congruence theorem is a special one. It can only be applied to

right triangles.

RHS triangle congruence theorem:

If the hypotenuse and a leg of a right triangle are congruent to corresponding parts
of another right triangle, these two right triangles are congruent.

As shown in the figure on the right, A D

In AABCand ADEF, ZE=/B=90°,

AB=DE, AC=DF

Then AABC= ADEF B c E F
(triangle ABC is congruent to triangle DEF)




There is an example of the RHS triangle congruence theorem.

Ex 5: A

In AABC, AD is perpendicular to BC, AB=AC

/B=70°then ZC=7?

Sol: B c
Since we are learning triangle congruency, we try to look for

the congruent triangles.

In AABD and AACD,

AB=AC (given)
/ADB= /ADC=90°, (AD is perpendicularto BC)
AD=AD (reflexive)
Then
AABD = AACD (RHS)
ZC= /B=70 (CPCTC)

The five triangle congruence theorems above are essential to future reasoning.

Please review them thoroughly till you can recite them without hesitating.

Before we finish this section, | want to raise a critical question.

Now we have learned these five triangle congruence theorems:

SSS, SAS, ASA, AAS, and RHS. Have you noticed that there are no combinations like
AAA or ASS?

Please discuss this issue with your classmates and carefully consider it before
continuing with your studies.

Now let’s dive into this issue together.

AAA (does not guarantee the triangle congruency)
When three interior angles of a triangle are congruent to three angles of another
triangle, these two triangles are not guaranteed to be congruent.

(Remember | always say, if we want to point out that a math statement is wrong,

the easiest way is to offer a counterexample. ) A

Counterexample: D

Two equilateral triangles AABCand ADEF A
E F

are shown on the right.

All the interior angles of these two equivalent

triangles are 60°

Even though these two triangles look similar, obviously, they don’t have the same




size, they are not congruent.

So AAA doesn’t guarantee the congruency of triangles.

Let’s discuss the reason why ASS does not guarantee the triangle congruency either.

ASS (does not guarantee the triangle congruency)

If an angle and two adjacent sides in a row of a triangle are congruent to the

corresponding parts of another triangle, these two triangles are not necessarily

congruent.

In Figure 1, given AABCand ADEF, /B=_/E, A
AB = ﬁ, and AC=DF. F

C e

D

Then these two triangles are identical. 8
(You can check by cutting down one triangle and putting it on top of the other
triangle, you will find they are overlapped perfectly. ) Figure 1
In this case, the ASS looks promising to guarantee the triangle congruency.
But wait a second. Let me show you the different result we can get from the same
given conditions.
Counterexample:
In Figure 2, given AABCand ADEF, /B=ZE,

AB =DE, and AC =DF
Draw an arc with the radius DF A
from the center of D. A ﬁ 2 >r€
The arc intersects EF at points F and G. 8 e ¢
Of course, DF=DG. (same radius)
In AABCand ADEG, /B=_“E, Figure 2

A_B=ﬁ, and AC=DF.=DG
But when we look at AABC and A DEG, they are definitely not congruent.

Therefore, ASS does not guarantee the congruency of triangles.

We say it’s the Ambiguous case.

This is enough for this lesson. We will do more practice in the next class.
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