Topic: Sum and Difference Formula (or Compound Angle Formula)

1. Think —pair-share
Without using a calculator, evaluate sin 75°. Compare your answer with a calculator.

(Hint: 75° = 45°+30° = 90° — 15° = 60" + 15°)
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Today we are going to learn the sum and difference formula. By the name of
this topic, you might think it’s a formula talking about addition and subtraction.
It’s about trigonoemtric ratios addition and subtraction. Let’s explore its idea
through an example.

How many ways do you have to evaluate the value of sin75° without using a
calculator?

Try to think of one way to do this, then share it with your partner.

Then compare your answer with a calculator.

From this activity, what ideas or insights come to your mind? Anyone?
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[Revised version by Chatgpt ]

Rg Today, we're diving into something called the "sum and difference formula."

/ Don't let the name confuse you; it's not about regular addition and subtraction,
g but it's all about adding and subtracting trigonometric ratios. Let's break it

1% down with an example.

So, here's a question: How many different ways can you figure out the value of
sin75 without using a calculator? Take a moment to come up with one way,
and then discuss it with your partner. After that, we'll check it against the
calculator.

Now, after this activity, what thoughts or insights did you come up with?
Anyone want to share their findings?
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2. Investigate the relationship between sin(a + ) and sina + sin y
With the definition of trigonometric ratios for any angle, we } 5 7

sin /3
know that AB = sin(a + 8), MN = sin a, and BE = sin f3 L E :IW
Compare the value of sin(a + ) and sin a + sin j3. ol S
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3\2 From the activity of evaluation of sin75°, we notice that sin(a + f) # sin @ + sin .
= But why? We've learned the definition of trigonometric ratios for any angle,
FEEJ let’s have a look to why sin(a + ) # sin a + sin #, and compare the two values.
; Which one is the larger? What makes you say that? Anyone?

More chanllenging questions, Is it always that sin(a + f) < sina +sin f ? On
[ s . . :
= what condition, sin(a + f) > sina + sin f§ ?
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3. Investigate sin(a + )

Read the following proof and fill in the blanks.

D As shown in the graph, sin(a + f) corresponds to the green-

b colored segment AB, and the length of this segment is AC + BC,
‘ indicating that AB = AC + BC.

BC can be represented by .(Hint: trigonometric ratio)

As shown in the graph, AC = DE (purple—colored segment)

DE can be represented by .(Hint: trigonometric

ratio)

So, sin(a + ) =
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Now we know that sin(a + f) # sina + sin . Then we wonder what sin(a + f) is
exactly equal to. Let’s read the following proof and fill in the blanks to
investgate what sin(a + ) is exactly equals to.

We’ll check—in in five minutes.

Any questions about the proof?

Anyone wants to share your answer?

BC =sin f cosa
DE = cosBsina
sin(a + ) = BC + DE = sin  cos a + cos f sina
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g Anyone wants to share your answer*

2 BC=sinfcosa
# DE=cosfsina
N sin(a + ) = BC + DE = sin  cos a + cos ff sina
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4. The sum and difference formula
sin(@ + ) = sina cos f# + cos a sin f§
sin(a¢ — f#) = sina cos § — cos a sin f
cos(a + f) = cosa cos f — sin a sin 3

cos(a — f) = cosa cos f + sin a sin
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From the investigation, we know that sin(a + f) = sin @ cos # + cos a sin f5.
We would wonder that if there is a similar identity for sin(a — $)?

YES. It is sin(x — f) = sina cos f — cos a sin f

Also, there are cosine versions.

cos(a + f) = cosa cos f — sin a sin 3

cos(a — f) = cosa cos # + sin a sin 3
These four equations are called “the sum and difference formula”.

And we definitely have a tangent version, it will be introduced in the next class.

RFREHHE (=) A-

— <

A(cosa,sin ) B(cos S,sin f)

5. The proof of the difference formula a

As shown, consider A and B as any two points on the unit B

] 0 "
circle. ZAOB =a —p.

-1

Using the distance formula, we get

AB’ = (cosa — cos #)? + (sina — sin B)?

= cos’a — 2 cosa cos ff 4 cos? f + sin> a — 2sina sin # + sin® p Expand the bracket.

=2 —2(cosa cos +sina sin #) ...(1) Simplify

And, by the cosine rule in /\ OAB,

AB =12+ 12-2x1x 1 xcos(a — ) =2 —2cos(a — B)...(2)

Comparing (1) and (2), we get cos(a — ) = cos a cos § + sin a sin f3.

Also, sin(a — ) = cos[g —(a—-p) = cos[(g —a) = (=p)]

s .o .
= COS(E — a)cos(—f) + sm(E — a)sin(—/f)

= sina cos f# — cos a sin f



6. The alternative proof of the sum formula

Read the proof and fill in the blanks.

By the difference formula cos(a — ) = cos a cos  + sin a sin 3, let’s substitute g into —p.
cos(a + ) = cos(a — (=) =

By the difference formula sin(a — ) = sina cos § — cos a sin f, let’s substitute g into —p.

sin(a + f) = sin(a — (—f)) =
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In this activity, we just proved the formula for acute angles.
How do we prove the formula for any type of angles?
7 Here’s what we are going to do.
X Let’s start with the easy one cos(a — ) = cos a cos  + sin a sin f3.
& Let’s check the proof.
B Now we finish the proof of the difference formula, it’s your turn to prove the
/ sum formula. Don’t worry, read the proof and fill in the blanks then you’ll
B complete the proof.
1% We’ll check—in in five minutes.
Let’s check the answer. Any questions? Good!

RFREFHE (=) A-

t

My ot W%

=
=



7. Use the sum and difference formula to find the exact value of sin75° and sin 15°.
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Let’s use the sum and difference formula to find the exact value of sin75° and
€ sin 15°.
B3  We’'ll check—in in five minutes.
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sin75° = sin(45° 4+ 30°) = sin45° cos 30° + cos 45°sin 30° =

sin 15° = sin(45° — 30°) = sin45° cos 30° — cos 45°sin 30° =
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