Equation of a Line in 3D Space

I. Key mathematical terms

Terms Symbol Chinese translation

Direction vector
(direction numbers)

of a line

Parametric equation

of a line

Symmetric equation

of aline

Il. Equation of a Line in 3D Space
A line can be viewed as the set of all points in space that satisfy two criteria:

(i) They contain a particular point P, which we identify by a position vectorX, .
(ii) The vector between P and any other point on line Q is parallel to a given
vector v.

As we’ve learned before, a line in the xy-plane is determined by a point on the line
and the direction of the line. (Its slope/gradient or angle of inclination.) The equation
of the line can be written using the point-slope form, slope-intercept form, and

intercept form.... How about the line in three-dimensional(3D) space?

Likewise, a line L in three-dimensional space can be determined by a point
P(Xy, ¥o:2,) on L and the direction of L. In three dimensions, the direction of a line
is conveniently described by a vector, so we let v, =(a,b,c) be a vector parallel to

L.Llet Q(X,Yy,z) be any arbitrary point on L, we find:
P_é =(X—X,,Y— VYo, Z—2,) = (ta,th,tc) =tv,,t e R
Hence we have:

X—X, =at X=X, +at
y—Yy,=bt = y=y,+bt,teR
z—1z,=ct z=1,+ct



We can represent these points and vectors in the following figure:

z
A

v = (a':- b: C)

- Y

Parametric equation of a line in 3D space

The parametric equation of a line in space can be represented by a nonunique set of

three equations of the form:

X=X, +at
L:qy=y,+bt,teR
Z=17,+ct

Where (X,,Y,,Z,) is the coordinate of a point that lies on the line, (a,b,c)is a

direction vector of the line, and ¢ is a parameter that can be any real number.

Examplel

Find the parametric equation of the line that passes through the given point and
direction vector:

(1) Point (-1,2,3), direction vector (2,3,5)

(2) Point (-1,0,2), direction vector (0,-1,3)



Example2
Find the parametric equation of the line that passes through points (2,5,7) and
(=2,0,3) . (Hint: You should find the direction vector by the given points first.)

Symmetric equation of a line in 3D space
We can represent a line by a parametric equation:

X=X,+at, y=y,+bt, z=z,+ct teR

If we solve each of the equations for  assuming a, b, and ¢ are nonzero, we can have

a different description of the same line:

X —X
0:1:7
a b c

This is the symmetric equation of a line in 3D space.

The symmetric equation of a line in space can be represented by the following:

X=% _Y=Y%_2-4

a b c

Where (X,,Y,,Z,) is the coordinate of a point that lies on the line, (a,b,c)is a
direction vector of the line. (abc # 0) This form of the equation is closely related to

the set of parametric equations.

Example3
Find the symmetric equation of a line that passes through points (-2,4,7) and
(4,2,5) . (Hint: You should find the direction vector by the given points first.)




Example4 (Converting a symmetric equation to a parametric equation.)
3X—=7 y+5 1-27
2 -1 3

Find the parametric equation of the straight line

Example5 (Intersection of planes)

Find the parametric equation of the line of intersection between the two planes
E :x+3y-z+4=0 and E,:2x+5y+z+1=0.

The relationships between a line and a plane
There are three possibilities that may occur when a line and a plane interact with

each other, see the details in the following table:

The relationships between a line and a plane

Feature Image Description

L

.. /A The line intersects the
Line intersect plane )
= v plane at one point.

L The line intersects the
Plane containing line . o
(Line lies on the plane) I plane at infinitely many
) points.

The line intersects the

Parallel line and plane .
plane at no point.
E




If you want to define the relationships between a line and a plane. We’ve broken

down the steps needed below:

(1) Write the equation of the line in the parametric form.
(x,y,2)=(x,+at, y,+bt, z,+ct) teR
(2) Write the equation of the plane in its scalar form.
E:ax+by+cz+d =0

(3) Usex, y, z's corresponding parametric equations to rewrite the scalar equation of
the plane. Solve the equation for z.

(4) If £ has exactly one solution, then the relationships will be line intersect plane. If ¢
vanish ( 7 can be any real number ), then the relationships will be plane-
containing line. If  has no solution, then the relationships will be parallel line and

plane.

Example6
Determine the relationships between plane E:2x—-3y—-5z+9=0 andline L,
L,, L.

X =6+t x=1+s Xx=3+m

(1) L:sy=2-t,teR (2) L:qy=2-s,seR 3) L:yy=1-m,meR
z=1+2t z=1+s Z=2+m

Example?

Find the projection of point A(—4,0,—6) onto the plane E:3x—y+2z-4=0.



The relationships between two lines
Now we’ll talk about the relationships between two lines. Like the relationships
between a line and a plane, the relationships between two lines also has three

possibilities. Let’s see the details in the following table:

The relationships between two lines

Name Image Description

L Two lines lie in the
. S —
Parallel lines Ly same plane and has
S

no intersections.

B Two lines lie in the

N L, = same plane and
Intersecting lines _
intersect at one

point.

\ Two lines do not lie

in the same plane

1
I
. 1
Skew lines [ =
I
1

. I and
— ~__, has no intersections.

If you want to define the relationships between two lines. We’ve broken down the

steps needed below:

(1) Write the equation of lines in the parametric form.

L :P(X, Yy, 2) =(X, +a5t, y,+byt, z,+cCt) teR
L, :Q(X,y,z)=(x, +&as, y,+bs, z,+csS) seR

(2) Suppose P =Q, solve the value of (t,S).

(3) If (t,s) has exactly one solution, then the relationships will be intersecting lines.
If not, use the direction vector to check the relationships, there are three
different cases:

Casel: L,L, have same direction vector and don’t intersect each other, then it
will be two parallel lines.
Case2: L,L, have same direction vector and intersect each other, then it will be

two coincident lines.
Case3: L, L, have different direction vector, then it will be two skew lines.



Example8
Determine the relationships between the two lines:

X+2 y-3 z+3 X=5 y+3 zZ+7

1 : L

WL 1 2  2'* 3 4 1
X+2 y-3 z+3 X—-2 y+2 12

2 : = = L = =—

@ L 1 2 2'* 3 4 1

Example9

Determine the relationships between the two lines, if they intersecting each other,

find the intersection of these two lines:

Xx=1+4t
Lie y=1+2t teR
z=-2+4t

Xx=1 y+5 z+1

N 2 4 1




The distance questions about lines
I. Distance between a point and a line

We’ve talked about the formula of distance between a point and a line on plane, but

in space we should calculate in a different wat. Let’s see the following example:

Examplel0

x-3 y-2 z+1
T2 2

Find the distance between point P(-5,0,—8) andline L:

<sol>

1. Write the equation of line in the parametric form: Q(3+t,2—2t,—1+2t),t e R.

2. Findthe vector PQ=(8+t,2-2t,7+2t),teR.

3. Vector PQ s perpendicular to the directional vector of L. We can use the inner
product to find #: (8+1t,2—2t,7+2t)+(1,—2,2)=0, t=-2.

4. Plug t=-2 into PQ=./(-5-1)?+(0—6)?+(-8+5)? =~/81=9.

Examplell

Find the distance between point P(1,2,3) andline L: XT_G -y _ Z—;6



Il. Distance between two parallel lines

To find the distance between two parallel lines L, L,, you only need to pick a point
P on L, andfind the distance between P and L, then you can get the distance
between these two parallel lines.

Examplel2
Find the distance between two parallel lines:
X+l y-1 2 X=1 'y z+2
S R L B S



Ill. Distance between two skew lines

— 7,

To find the distance between two skew lines, we broke down the steps needed
below:
(1) Write the equation of lines in the parametric form.
L:P(X Yy, z2)=(X+at, y,+bt, z,+cit) teR
L, :Q(x,y,z)=(x +as, y,+bs, z,+cs) seR
(2) Suppose vector PQ normal to the direction vector of L, and L,.

PQ- (3,5, ,) =0
PQ-(a,b,,c) =0

(3) Use the inner product to solve (t,s).

(4) Plug the result of (t,s) into ﬁ) to find the distance between these two skew

lines.

Now, let’s try the following example:

Examplel3

Two skew lines LI:T:T:—Z,LZ.

(1) Find the distance between these two lines
(2) Find the line which is perpendicular to both L, and L,

X+2 y-3 z+43, X-2 y+2
-3 4

1
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